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Abstract. This entry develops the geometric meaning of tangent direction for complex-valued curves,
explains how angles between curves may be expressed through arguments of complex numbers, and
shows how this leads naturally to conformality. Particular attention is given to the condition z’(fg) # O,
whose meaning in the complex setting is subtler than in the real case.

1. Overview
A complex-valued curve carries both magnitude and direction at every point. The derivative of such a curve, when

nonzero, gives a precise first-order direction of motion. This makes it possible to define tangent rays, angles between
curves, and ultimately conformality in a natural geometric way.

The central idea is simple: in the complex plane, a nonzero complex number represents a direction, and the angle from
one direction to another is measured by the argument of their ratio.

2. Key Idea

If two nonzero complex numbers v and w represent directions, then the angle from v to w is

0= Arg(y) .
v
This identity will allow us to pass from the geometry of tangent directions to a clean formula for the angle between two

curves. The crucial hypothesis is that the tangent directions themselves be well defined, which is why the condition
7' (o) # 0 plays such an important role.

3. Mathematical Formulation

Let z(¢) be a complex-valued curve defined on an interval of real numbers, and let
20 = z(1o)-

To understand the direction of the curve at zg, consider nearby points

Z(to - h), Z(to + h)

The line through these points is a secant line, and its direction is represented by the complex number

z(to + h) — z(to — h).

As h — 0, these secant directions approach a limiting direction when the derivative exists and is nonzero. This limiting
direction is the tangent direction.



To describe lines in the complex plane, it is convenient to use direction vectors. If a, b € C with a # b, then the line
through a in the direction b — a may be written parametrically as

z(t) =a+ (b -a)t, teR.

Thus the complex number b — a represents the direction of the line.
Because complex numbers encode direction through argument, the angle between two nonzero directions v and w is
0= Arg(ﬁ) .
v
Indeed,
Arg(2) = Arg(w) - Arg(v),
v

so the quotient records the rotation needed to move from the direction of v to the direction of w, measured as the
principal (smallest) rotation between them.

Figure 3.1: Secant lines through nearby points of the curve approach the tangent line at zg as &4 — 0.

Figure 3.2: The line through @ and b has direction vector b — a and parametric form a + (b — a)t.

4. Tangent to a Curve

Let
C: z(1), a<t<B,

be a curve, let ¢y € (a, B), and suppose 7’ (o) exists and z’(¢9) # 0. Let

20 = z(to).



For h > 0, consider the ray from z( through the nearby point z(zy + h):

z2(to+h) — 20 O}

R(ZO,Z(lo+h))={Z:z=zo+s . , s>

Since
z(to + h) — 20

Jm, A =7 (1) #0,

this ray approaches the ray
T(z0) ={z: z=2z0+52 (1), s > 0}

as h — 0%,

Similarly, the backward secant ray determined by z(#9 — /) approaches the opposite ray. We call T'(zg) the tangent ray,
since its direction agrees with the direction of travel of the curve.

Thus a curve with 7’(zp) # 0 possesses a well-defined local first-order direction.

Remark 4.1. A tangent may still exist at a point where z’(f9) = 0, but then it is determined by higher-order behavior
rather than by the first derivative.

S. Invariance under Regular Reparametrization
The tangent direction determined by z’(#) is intrinsic to the geometric curve and does not depend on the particular
parameter used to describe it.

Indeed, a curve parametrized by ¢ may be described using another parameter 7 by writing

7= ¢(1),

where ¢ is a differentiable function with nonzero derivative. Such a change of parameter is called a regular
reparametrization. Since ¢’(z) # 0, the function ¢ is strictly monotone near ¢y and so nearby values of 7 correspond
to unique nearby values of 7. Thus the same points of the curve are traced, but at a different rate of traversal. That is,
geometrically, reparametrization merely changes the speed at which the curve is traversed, without altering the curve
itself.

Theorem 5.1. The nonvanishing of 7’ (ty) is preserved under regular reparametrizations of the curve.

Proof. Let T = ¢(t) be a C' change of parameter with ¢’ (t9) # 0, and let 7y = ¢(#o). Define the reparametrized curve
by
(1) =267 (7).

By the chain rule,
7 (10) = 7' (10) (67" (70).

Since ¢’ (ty) # 0, the inverse function theorem gives

—1y7 _ 1
(67 (m) = 50
Hence
T = S
' ¢’ (o)

Because ¢’ (#() is a nonzero real number, 7’ (1) is a nonzero real scalar multiple of 7z’ (¢p). Therefore

E’(To) 0 Z/(l‘()) # 0.



Remark 5.2. The formula

’
Z'(to)
¢’ (t0)
shows that the derivative under a regular reparametrization differs from the original derivative only by multiplication by a
nonzero real number. Such a real scalar multiple changes the magnitude of the vector but not its direction. Consequently
the tangent direction of the curve is unchanged by a regular reparametrization.

7 (10) =

6. Angle Between Curves

Let C; and C, be oriented curves intersecting at a point zg. Suppose they admit parametrizations

z1(0), 22(1)
such that
z1(20) = z2(t0) = 20
and
Z’l (t9) # 0, Z’z(t()) # 0.

Then each curve has a well-defined tangent ray at zg.

Definition 6.1. The angle from C to C; at zp is the oriented angle from the tangent ray of C; to the tangent ray of Cs.

Because the tangent directions are represented by the nonzero complex numbers

71 (1), 2, (t0),
the angle between the curves is
Z(Cy, C2) = Arg(z5(t0)) — Arg(2] (t0)).
Using the identity
Arg() = Arg(w) - Arg(v),
1%

we obtain the fundamental formula

Z(C1, ) = Arg(z,z(m)) )

z (o)

Thus the angle between curves is determined entirely by the ratio of their tangent directions.

7. Conformality

A mapping is conformal if it preserves angles between intersecting curves.

Let C : z(z) be aregular curve and let

20 = z(10).
Suppose f is differentiable at zg and

f'(z0) #0.

The image curve
w(t) = f(2(1))
has derivative

w(to) = f"(20)Z (to).

Thus the tangent direction of the image curve is obtained from the tangent direction of the original curve by multiplication
by the complex number f”(zp).

Multiplication by a nonzero complex number has a simple geometric effect:



« arotation through the angle Arg(f’(zo)),
¢ a uniform scaling by the factor | f"(z0)]|.

Now let Cy and C; be two curves through zg, and let I'}, I'; be their images under f. Then

w) (o) _ J'(z0)25(t0) _ 25 (to)
wi(to)  f(z0)z)(to) 2| (to)’

Taking arguments, we obtain
Z(I',Tz) = Z(C1, Gr).

So the mapping preserves both the magnitude of the angle and the sense of rotation. This is precisely conformality.

Conceptual conclusion
Conformality requires two independent nondegeneracy conditions:

7 (tp) # 0, f'(z0) #0.

The first guarantees that the curve has a well-defined first-order direction. The second guarantees that the mapping acts
locally as a nondegenerate complex scaling. If either fails, the first-order angular structure collapses.

8. Local Mapping by an Analytic Function

If f is differentiable at z(, then

lim
Z—20

f(2) = f(z0)

Z—20

=1/ (zo)l.

Thus, when |z — zg| is small,

1f(2) = f (o) = | (z0)] |z = zol.

Combined with conformality, this shows that when f’(zg) # 0, sufficiently small geometric figures near zg are mapped
to approximately similar figures near f(z).

Since
w'(t0) = f'(z0)2 (t0),
we also have
Arg(w'(19)) = Arg(z’ (1)) + Arg(f”(20)).
So locally the mapping acts like:

* arotation through angle Arg(f’(zo)),
« followed by a uniform scaling by the factor | f/(zp)|.

Thus an analytic function with nonzero derivative behaves locally like the linear map
w=az, a=f"(z0),

except that this description is only local rather than global.

9. Geometric Meaning of the 7' (79) # 0 Condition

The requirement
2 (1) #0



ensures that the path possesses a well-defined first-order direction at #y.
Writing
z2(1) = x(1) +iy(2),
we have
2 (t0) = x'(t0) + iy’ (t0).

When 7’ (tg) # 0, the first-order expansion
Z(lo + h) = Z(lo) + /’lZ/(lo) + O(h)

shows that, to first order, the curve near 1y is a straight segment in the direction z’(¢y). This direction determines the
tangent line, the limiting direction of secants, and the local angle structure required for conformality.

What if 2’ (7p) = 0?

If
7'(t9) =0,

then both components vanish:
x'(t) =0, y'(to) = 0.

The first-order term disappears:
z(to + h) = z(to) + o(h).

Thus the curve has no first-order direction at #y; the point becomes geometrically degenerate. This is stronger than what
happens in elementary real calculus. For a real graph y = f(x), the condition

f'(x0) =0
still gives a horizontal tangent. But for a complex curve,
7 (t0) =0

means that the first-order directional structure itself is absent.

Higher-order behavior

Let m > 2 be the smallest index such that
2™ (1) # 0.

Then pm
2(to + h) = 2(t0) + —2" (10) + 0 (™).

The local geometry is then controlled by this higher-order term. If m is odd, the curve crosses its limiting direction; if m
is even, the curve touches that direction and turns back. In either case, the first-order direction is absent.

Example 9.1 (Loss of first-order direction). Consider the curve
2(1) =2 +it’.

Then
Z(1) = 21 + 3it?, so  Z(0)=0.

Writing
x(ny=r,  yn=r,



we obtain

which is a semicubical cusp.

The point ¢ = 0 is therefore not governed by a nonzero first-order direction. This example illustrates that the condition
Z'(tp) # 0 is not merely technical; it guarantees the existence of the geometric structure required to define tangent
directions and angles.

Remark 9.2 (Comparison with real curves). It is instructive to compare this behavior with the case of real functions.
If a real function y = f(x) satisfies f’(xg) = 0, the graph still possesses a well-defined tangent line at xo, namely a
horizontal tangent. Thus the first-order direction of the curve is not lost.

In contrast, for a complex curve z(¢) the condition z’(#9) = O eliminates the entire first-order term in the expansion
z(tg + h) = z(t9) + h 7' (t9) + o(h).

The curve therefore loses its first-order directional structure altogether, and its local geometry is governed by higher-order
terms. This distinction explains why the condition z’(#p) # 0 is essential when defining angles between complex curves.

10. Functions with Nonzero Derivative

We have seen that a function with nonzero derivative at a point is conformal on regular curves passing through that point.
Theorem 10.1. Let f be a complex function continuous in a neighborhood of z(ty), and let

z:|e,pl = C
be a C' regular curve. Then f is conformal at the point 7(to) along the curve if and only if

f(z(t)) #0 and 7' (tg) # 0.
Proof. Assume first that
f(z(to) #0 and 7' (t9) # 0.

Since the curve is regular at 7y, it possesses a well-defined first-order direction given by z’(#g). The differentiability of f
at z(t9) yields the expansion

f(z(to + h)) = f(z(t0)) + f(2(10)) (z(t0 + h) = z(10)) + o(|z(to + h) — z(t0)])-
Thus, to first order, f acts as multiplication by the nonzero complex number f’(z(fo)), which preserves angles and

orientation. Hence f is conformal at z(#y) along the curve.

Conversely, suppose f is conformal at z(#y) along the curve. If 7’ (zy) = 0, then the curve loses its first-order direction
and secant directions need not converge uniquely, so conformality cannot hold. Thus

7 (t0) # 0.

Similarly, if
f'(z(10)) =0,

then the first-order term in the local expansion of f vanishes, and f locally collapses first-order directional information.
Hence

f(z(10)) # 0.

Therefore both conditions are necessary. m}



Remark 10.2 (Critical points). If f is analytic and
f'(z0) =0,

then f is not conformal at zy. In that case the first-order term vanishes, and the behavior of f is governed by the first
nonzero higher derivative. If m > 2 is the smallest integer such that

£ (z9) # 0,

then
™ (z0)

m!

f(2) = f(z0) +

(z=z20)" + o(lz = z0l™).
Geometrically, the mapping behaves locally like
27",

so directions are multiplied m-fold and angles are not preserved in the first-order conformal sense. Such a point zg is
called a critical point (or branch point when m > 2).

Theorem 10.3 (Local inverse). An analytic function f has a local inverse at zq if and only if

f'(z0) #0.

Remark 10.4 (Derivative of the local inverse). Let wg = f(zo), and suppose f is holomorphic near zo with f’(zg) # O.
Then a local inverse f~! exists near wo, and differentiating

(@) =2
gives
(1 (W) f'(z0) = 1.
Hence 1
—1y7 _
(f7) (wo) = )
Remark 10.5 (Geometric interpretation). From
-1y _ 1
(f7) (wo) = 7o)
we may write
I f'(z0)

f'(z0)  1f (z0)
Thus the derivative of the inverse is a real scalar multiple of the complex conjugate of f’(z9). Geometrically this means
that the inverse mapping reverses the rotation produced by f’(zp) while scaling by the reciprocal factor 1/|f” (zo)|-

11. Globally Conformal Functions

Some basic analytic functions have nonzero derivative everywhere and are therefore conformal on their entire domains.
Remark 11.1. Two important examples are:

(a) The exponential function
f(z) =e5,

for which
f'(z)=e*#0  forallz €C.



(b) A Mobius transformation

az+b
T(z) = , d-»b 0,
(2) o+ d a c#
for which
T'(2) = ad — bc
2= (cz+d)?

at every point where T is defined.

These examples illustrate the global version of the local principle: a mapping is conformal precisely where its derivative
does not vanish.

12. Discussion
The geometric content of conformality is first-order. A curve must have a definite first-order direction, and a mapping
must act at first order like multiplication by a nonzero complex number. The derivative captures both facts at once.

This is why the condition
7 (1) #0

is essential. In the real setting, derivative zero often still leaves a visible tangent direction. In the complex setting, by
contrast, the vanishing of the derivative typically means that the first-order geometry itself disappears.

Likewise, the condition
f'(z0) 0

expresses the fact that the mapping neither collapses directions nor destroys angular structure. Instead, it rotates and
scales infinitesimal figures uniformly.

Thus the geometry of angles in the complex plane is encoded by two simple formulas:

Z'z(to))

zy(10)

Z(C1,Cr) = Arg(

and

w'(t0) = f'(z0)Z’ (t0).

Together these formulas explain why analytic functions with nonzero derivative are conformal.
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